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Àííîòàöèÿ
Â ðàáîòå èññëåäîâàíà çàäà÷à äèðàêöèè ïëîñêîé TE -ïîëÿðèçîâàííîé ýëåêòðîìàã-
íèòíîé âîëíû íà ùåëÿõ ìåæäó ìåòàëëè÷åñêèìè ïëàñòèíàìè, ðàñïîëîæåííûìè â îäíîé
ïëîñêîñòè. Çàäà÷à äèðàêöèè ñîðìóëèðîâàíà â âèäå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ
åëüìãîëüöà ñ ãðàíè÷íûìè óñëîâèÿìè ¾íà ìåòàëëå¿ è çàäàííûì àñèìïòîòè÷åñêèì ïîâå-
äåíèåì íà ðåáðàõ ýêðàíîâ. åøåíèÿ èùóòñÿ â êëàññå óõîäÿùèõ íà áåñêîíå÷íîñòü âîëí.
Èññëåäóåìàÿ çàäà÷à ñâåäåíà ê èíòåãðàëüíîìó óðàâíåíèþ ñ ñèëüíîé îñîáåííîñòüþ â ÿäðå
îòíîñèòåëüíî ñëåäà âåêòîðà ýëåêòðè÷åñêîé íàïðÿæåííîñòè íà ùåëè. Â ñâîþ î÷åðåäü, èí-
òåãðàëüíîå óðàâíåíèå ñâåäåíî ê áåñêîíå÷íîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
îòíîñèòåëüíî êîýèöèåíòîâ ðàçëîæåíèÿ ïðîèçâîäíîé èñêîìîé óíêöèè. Àíàëèòè÷åñêè
âû÷èñëåíû ñèíãóëÿðíûå èíòåãðàëû, ñîäåðæàùèå îáîáùåííûå ïîëèíîìû ×åáûøåâà.
Êëþ÷åâûå ñëîâà: äèðàêöèÿ, TE -ïîëÿðèçîâàííàÿ ýëåêòðîìàãíèòíàÿ âîëíà, ãèïåð-
ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå, îáîáùåííûå ïîëèíîìû ×åáûøåâà.
Ââåäåíèå
Â ðàáîòå èññëåäîâàíà çàäà÷à äèðàêöèè ïëîñêîé TE -ïîëÿðèçîâàííîé ýëåêòðî-
ìàãíèòíîé âîëíû íà ùåëÿõ â áåñêîíå÷íîé ìåòàëëè÷åñêîé ïëàñòèíå. Ýòà çàäà÷à,
à òàêæå çàäà÷à äèðàêöèè íà ìåòàëëè÷åñêèõ êîíå÷íûõ ýêðàíàõ ïðåäñòàâëÿþò
áîëüøîé òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòåðåñ, è èì ïîñâÿùåíî íåìàëî ðàáîò
(ñì., íàïðèìåð, [15℄ è èìåþùóþñÿ òàì áèáëèîãðàèþ).
Çàäà÷à äèðàêöèè ñîðìóëèðîâàíà â âèäå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ
åëüìãîëüöà ñ ãðàíè÷íûìè óñëîâèÿìè ¾íà ìåòàëëå¿ è çàäàííûì àñèìïòîòè÷åñêèì
ïîâåäåíèåì íà ðåáðàõ ýêðàíîâ [6℄. åøåíèÿ çàäà÷è èùóòñÿ â êëàññå óõîäÿùèõ íà
áåñêîíå÷íîñòü âîëí [7℄.
Óðàâíåíèå åëüìãîëüöà ðàññìîòðåíî îòäåëüíî â âåðõíåé è íèæíåé ïîëóïëîñ-
êîñòÿõ [8℄, ðàçäåëåííûõ îñüþ x . Îáðàçû Ôóðüå ñëåäîâ íà ãðàíèöàõ êàæäîé èç
îáëàñòåé íîðìàëüíûõ ïðîèçâîäíûõ è ñàìîé èñêîìîé óíêöèè ñâÿçàíû ñîîòíîøå-
íèÿìè, ïîëó÷åííûìè â [9℄. Ýòè ñîîòíîøåíèÿ èñïîëüçîâàíû ïðè àíàëèçå èñõîäíîé
çàäà÷è.
Èññëåäóåìàÿ çàäà÷à ñâåäåíà ê èíòåãðàëüíîìó óðàâíåíèþ ñ ñèëüíîé îñîáåííî-
ñòüþ â ÿäðå îòíîñèòåëüíî ñëåäà âåêòîðà ýëåêòðè÷åñêîé íàïðÿæåííîñòè íà ùåëè.
Èç èíòåãðàëüíîãî óðàâíåíèÿ ïîëó÷åíà áåñêîíå÷íàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé.
1. Ïîñòàíîâêà çàäà÷è
Ïóñòü â ïëîñêîñòè z = 0 äåêàðòîâîé ñèñòåìû êîîðäèíàò ðàçìåùåíà èäåàëüíî
ïðîâîäÿùàÿ áåñêîíå÷íàÿ âäîëü îñè x è áåñêîíå÷íàÿ âäîëü îñè y òîíêàÿ ïëàñòèíà
ñî ùåëÿìè (êîëè÷åñòâî ùåëåé êîíå÷íî è ðàâíî J ). Ñâåðõó (èç îáëàñòè z > 0) íàáå-
ãàåò ïëîñêàÿ ýëåêòðîìàãíèòíàÿ âîëíà âèäà u0(x, z) = A0 exp (ik sin θ x+ ik cos θ z) ,
ãäå θ  óãîë, îòñ÷èòûâàåìûé îò îñè z . Íóæíî íàéòè ýëåêòðîìàãíèòíîå ïîëå,
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èñ. 1. åîìåòðèÿ çàäà÷è
âîçíèêàþùåå ïðè äèðàêöèè âîëíû. Îãðàíè÷èìñÿ ñëó÷àåì, êîãäà âåêòîð E ïà-
äàþùåé âîëíû ïàðàëëåëåí îñè y (TE -ïîëÿðèçàöèÿ ïîëÿ). Ïîýòîìó ìîæíî èñêàòü
ðåøåíèå çàäà÷è äèðàêöèè, íå çàâèñÿùåå îò êîîðäèíàòû y .
Íåíóëåâûå êîìïîíåíòû ýëåêòðîìàãíèòíîãî ïîëÿ â ñëó÷àå TE -ïîëÿðèçàöèè âû-
ðàæàþòñÿ [8℄ ÷åðåç ïîòåíöèàëüíóþ óíêöèþ u(x, z) = Ey(x, z) , êîòîðàÿ ÿâëÿåòñÿ
ðåøåíèåì äâóìåðíîãî óðàâíåíèÿ åëüìãîëüöà
∂2u
∂x2
+
∂2u
∂z2
+ k2u = 0. (1)
àññìàòðèâàåìàÿ çàäà÷à ìîæåò áûòü ñîðìóëèðîâàíà êàê çàäà÷à ñîïðÿæåíèÿ
äëÿ ýòîãî óðàâíåíèÿ. Ïëîñêîñòü x0z ðàçîáüåì íà äâå îáëàñòè (ñì. ðèñ. 1): âåðõíþþ
{(x, z) : z > 0} è íèæíþþ {(x, z) : z < 0} ïîëóïëîñêîñòè.
ðàíèöó ñîïðÿæåíèÿ ïîëóïëîñêîñòåé ðàçîáüåì íà ÷àñòè: îáîçíà÷èì ÷åðåç M
÷àñòü îñè x , ñîîòâåòñòâóþùóþ ìåòàëëè÷åñêèì ïëàñòèíàì, è ÷åðåç N  ÷àñòü áåç
ìåòàëëè÷åñêèõ ïëàñòèí.
Îáîçíà÷èì ÷åðåç u+(x) ïðåäåëüíûå çíà÷åíèÿ èñêîìîé óíêöèè Ey(x, z) ïðè
ñòðåìëåíèè z ê 0 ñâåðõó, à ÷åðåç v+(x)  ïðåäåëüíûå çíà÷åíèÿ Hx(x, z) (èëè, êàê
ñëåäóåò èç ñèñòåìû Ìàêñâåëëà, íîðìàëüíîé ïðîèçâîäíîé ∂Ey(x, z)/∂z ñ òî÷íîñòüþ
äî ïîñòîÿííîãî ìíîæèòåëÿ). Äëÿ ïðåäåëüíûõ çíà÷åíèé óíêöèè è íîðìàëüíîé
ïðîèçâîäíîé ïðè ïîäõîäå ê îñè x èç íèæíåé ïîëóïëîñêîñòè ââåäåì îáîçíà÷åíèÿ
u−(x) è v−(x) .
Â êàæäîé èç ïîëóïëîñêîñòåé íóæíî íàéòè ðåøåíèÿ óðàâíåíèÿ (1) èç êëàññà ðàñ-
ïðåäåëåíèé ìåäëåííîãî ðîñòà íà áåñêîíå÷íîñòè, óäîâëåòâîðÿþùèå ïðè z = 0 ñëåäó-
þùèì óñëîâèÿì. Âíå ìåòàëëè÷åñêèõ ïëàñòèí êàñàòåëüíûå ñîñòàâëÿþùèå âåêòîðîâ
E è H íåïðåðûâíû. Â íàøåì ñëó÷àå ýòè óñëîâèÿ èìåþò âèä
u+(x) + u0(x, 0) = u
−(x), v+(x) + v0(x, 0) = v
−(x) ïðè x ∈ N, (2)
ãäå v0(x, 0) = ∂u0(x, z)/∂z|z=0 . Êàñàòåëüíûå ñîñòàâëÿþùèå íàïðÿæåííîñòè ýëåê-
òðè÷åñêîãî ïîëÿ E íà èäåàëüíî ïðîâîäÿùèõ ìåòàëëè÷åñêèõ ïëàñòèíàõ äîëæíû
áûòü ðàâíû íóëþ:
u+(x) = −u0(x, 0), u−(x) = 0 ïðè x ∈M. (3)
Ïîòðåáóåì òàêæå, ÷òîáû íà ðåáðàõ ýêðàíîâ (ñì. (1.25) è (1.26) [6℄) áûëè âûïîë-
íåíû óñëîâèÿ
Ey = O(ρ
1/2), Hx = O(ρ
−1/2), ρ→ 0,
ãäå ρ  ðàññòîÿíèå äî êîíöåâîé òî÷êè ýêðàíà.
Óñëîâèÿ íà áåñêîíå÷íîñòè îïðåäåëèì ñëåäóþùèì îáðàçîì [7℄: óíêöèÿ u(x, z)
îãðàíè÷åíà íà áåñêîíå÷íîñòè èëè ðàñïðîñòðàíÿåòñÿ êàê âîëíà (ïîðîæäàåò âîëíó,
ïåðåíîñÿùóþ ýíåðãèþ) ïðè x2 + z2 →∞ .
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Çàäà÷à (1)(3) âìåñòå ñ óñëîâèÿìè íà áåñêîíå÷íîñòè è ðåáðå ïðåäñòàâëÿåò ñî-
áîé ìàòåìàòè÷åñêóþ ìîäåëü ïðîöåññà äèðàêöèè íà áåñêîíå÷íîé ìåòàëëè÷åñêîé
ïëàñòèíå ñ ùåëÿìè TE -ïîëÿðèçîâàííîé ýëåêòðîìàãíèòíîé âîëíû, îïèñûâàåìîé
óíêöèåé u0(x, z) .
2. Ñâåäåíèå çàäà÷è äèðàêöèè ê èíòåãðàëüíîìó óðàâíåíèþ
Îáðàçû Ôóðüå íîðìàëüíûõ ïðîèçâîäíûõ è ñàìîé èñêîìîé óíêöèè íà ãðàíèöàõ
ïîëóïëîñêîñòåé ñâÿçàíû ñîîòíîøåíèÿìè (ñì. [9℄):
V + (ζ)− iγ (ζ)U+ (ζ) = 0, V − (ζ) + iγ (ζ)U− (ζ) = 0, (4)
ãäå
γ (ζ) =
{
−
√
k2 − ζ2, |ζ| < k, i
√
ζ2 − k2, |ζ| > k
}
.
Ñîîòíîøåíèÿ (4) äëÿ âåùåñòâåííûõ ζ àêòè÷åñêè çàìåíÿþò ñîáîé óðàâíåíèå
(1). Òàêèì îáðàçîì, ïåðåõîäèì îò ñèñòåìû (1)(3) ê ñèñòåìå (2)(4), êîòîðóþ è
áóäåì â äàëüíåéøåì ðåøàòü.
Ïðè ðåøåíèè çàäà÷ äèðàêöèè äîñòàòî÷íî îòûñêàòü ãðàíè÷íûå çíà÷åíèÿ ëèáî
ñàìîé óíêöèè, ëèáî íîðìàëüíîé ïðîèçâîäíîé [8℄. àññìîòðèì â êà÷åñòâå íåèç-
âåñòíîé ãðàíè÷íîå çíà÷åíèå óíêöèè u−(x) . Ñâåäåì çàäà÷ó (2)(4) ê ñèñòåìå èí-
òåãðàëüíûõ óðàâíåíèé îòíîñèòåëüíî u−(x) .
Ïðèìåíèâ ê ñîîòíîøåíèÿì (4) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå è âîñïîëüçîâàâ-
øèñü óñëîâèåì (3), ïîëó÷èì
v+(x) =
1
2pi
+∞∫
−∞
u+ (τ)K0(τ − x) dτ =
=
1
2pi
∫
N
u+ (τ)K0(τ − x)dτ − 1
2pi
∫
M
u0 (τ)K0(τ − x) dτ (5)
è
v−(x) = − 1
2pi
+∞∫
−∞
u− (τ)K0(τ − x) dτ = − 1
2pi
∫
N
u− (τ)K0(τ − x) dτ, (6)
ãäå
K0(x) = − ik
2|x|H
(2)
1 (k|x|). (7)
àññìîòðèì óðàâíåíèÿ (5) è (6) íà x ∈ N . Âû÷òåì îäíî èç äðóãîãî è èñïîëüçóåì
óñëîâèÿ (2):
−v0(x) = 1
pi
∫
N
u− (τ)K0(τ − x) dτ − 1
2pi
+∞∫
−∞
u0 (τ)K0(τ − x) dτ.
Çäåñü è äàëåå ó ñëåäîâ u0(x, 0) è v0(x, 0) áóäåì îïóñêàòü çíà÷åíèå 2-é ïåðåìåííîé,
îáîçíà÷àÿ èõ ÷åðåç u0(x) è v0(x) ñîîòâåòñòâåííî.
Äëÿ ïàäàþùåé âîëíû, êàê äëÿ âîëíû, ðàñïðîñòðàíÿþùåéñÿ â îòðèöàòåëüíîì
íàïðàâëåíèè îñè z , ñïðàâåäëèâî âòîðîå ñîîòíîøåíèå (4), êîòîðîå ìîæíî çàïèñàòü
â âèäå
v0(x) = − 1
2pi
+∞∫
−∞
u0 (τ)K0(τ − x) dτ.
40 Ä.Í. ÒÓÌÀÊÎÂ, À.. ÒÓÕÂÀÒÎÂÀ
Òîãäà ïîëó÷èì ∫
N
u− (τ)K0(τ − x) dτ = −2piv0(x), x ∈ N. (8)
Çàìåòèì, ÷òî â ðàáîòå [10℄ ïðè íåñêîëüêî îòëè÷íûõ îò (2) óñëîâèÿõ ïîëó÷åíî
èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî u+(τ) ïðè òîé æå ïðàâîé ÷àñòè.
3. Ïðåîáðàçîâàíèå èíòåãðàëüíîãî óðàâíåíèÿ
Ïóñòü èíòåðâàëû, íà êîòîðûõ ðàñïîëîæåíû ùåëè, ñîâïàäàþò ñ îòðåçêàìè
(αj , βj) , j = 1, . . . , J . Áóäåì ñ÷èòàòü, ÷òî îòðåçêè óïîðÿäî÷åíû è α1 < β1 <
< α2 < β2 < · · · < αJ < βJ . Îáîçíà÷èì u(τ) = u−(τ) è f(x) = −2piv0(x) , ãäå
x ∈ N =
J⋃
j=1
(αj , βj) . Òîãäà óðàâíåíèå (8) ïðèìåò âèä
J∑
j=1
βj∫
αj
uj(τ)K0(τ − x) dτ = f(x), x ∈
J⋃
j=1
(αj , βj) (9)
ñ ãðàíè÷íûìè óñëîâèÿìè u(αj) = u(βj) = 0 â ñîîòâåòñòâèè ñ ïîâåäåíèåì ïîëÿ íà
ðåáðàõ.
Èññëåäóåì ïîâåäåíèå óíêöèè Õàíêåëÿ â îêðåñòíîñòè íóëÿ. Äëÿ ýòîãî âûðàçèì
äàííóþ óíêöèþ ÷åðåç óíêöèè Áåññåëÿ è Íåéìàíà: H
(2)
1 (x) = J1(x) − iY1(x) .
àçëîæèì â ðÿä Òåéëîðà ïðè x→ 0 ñïðàâà óíêöèè Áåññåëÿ
J1(x) =
x
2
+O(x3)
è Íåéìàíà
Y1(x) = − 2
pix
+
(−1 + 2γ − 2 ln 2 + 2 lnx)x
2pi
+O(x3),
ãäå γ = 0.57722  ïîñòîÿííàÿ Ýéëåðà.
Ñ ó÷åòîì ýòèõ ïðåäñòàâëåíèé ïîëó÷èì
K0(x) = − ik
2|x| (J1(k|x|)− iY1(k|x|)) =
=
1
pix2
− k
2
2pi
ln |x| − (−1 + 2γ − 2 ln 2 + 2 lnk)k
2
4pi
− ik
2
4
+O(|x|2).
Òàêèì îáðàçîì, â ÿäðå èíòåãðàëüíîãî óðàâíåíèÿ (9) ìîæíî âûäåëèòü ñëàãàå-
ìûå, ñîäåðæàùèå îñîáåííîñòü â íóëå:
K0(x) =
1
pix2
+
k2
2pi
ln
1
|x| +R(x), (10)
ãäå
R(x) = − ik
2|x| (J1(k|x|)− iY1(k|x|)) −
1
pix2
− k
2
2pi
ln
1
|x| (11)
ïðåäñòàâëÿåò ñîáîé ðåãóëÿðíóþ ÷àñòü ÿäðà K0(x) . Ôóíêöèÿ R(x) íåïðåðûâíà íà
êàæäîì èç èíòåðâàëîâ (αj , βj) è
R(0) = − (−1 + 2γ − 2 ln 2 + 2 lnk)k
2
4pi
− ik
2
4
.
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Ñ ó÷åòîì (10) èíòåãðàëüíîå óðàâíåíèå (9) ìîæíî çàïèñàòü â âèäå
1
pi
βs∫
αs
us(τ)
(τ − x)2 dτ +
k2
2pi
βs∫
αs
us(τ) ln
1
|τ − x| dτ +
βs∫
αs
us(τ)R(τ − x) dτ +
+
J∑
j=1, j 6=s
βj∫
αj
uj(τ)K0(τ − x) dτ = f(x), x ∈ (αs, βs), s = 1, . . . , J. (12)
Çäåñü â ïåðâûå äâà èíòåãðàëà âîøëè îñîáåííîñòè ÿäðà óðàâíåíèÿ (9), òðåòèé ñî-
äåðæèò íåïðåðûâíîå ÿäðî R(τ − x) , à ïîñëåäíèé èíòåãðàë òàêæå áóäåò áåç îñî-
áåííîñòåé, òàê êàê â íåì τ 6= x . Çàìåòèì, ÷òî ïåðâûé èíòåãðàë èìååò îñîáåííîñòü
âòîðîãî ïîðÿäêà è ïîíèìàòü åãî ñëåäóåò â ñìûñëå èíòåãðàëà Àäàìàðà [11℄.
4. Íåêîòîðûå ñâîéñòâà îáîáùåííûõ ïîëèíîìîâ ×åáûøåâà
Ââåäåì óíêöèþ
ρj(x) =
√
(βj − x)(x − αj),
êîòîðàÿ ïîíàäîáèòñÿ äëÿ äàëüíåéøèõ ïðåîáðàçîâàíèé ñ îáîáùåííûìè ïîëèíîìà-
ìè ×åáûøåâà T jn(x) è U
j
n(x) , çàäàííûìè íà èíòåðâàëå x ∈ (αj , βj) . Îáîáùåííûå
ïîëèíîìû ×åáûøåâà ñâÿçàíû ñ îáû÷íûìè ïîëèíîìàìè ×åáûøåâà ñîîòíîøåíèÿìè
T jn(x) = Tn(x
′), U jn(x) = Un(x
′), (13)
ãäå
x′ =
2
βj − αj x−
βj + αj
βj − αj . (14)
Äîêàæåì ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.
Ëåììà 1. Ïóñòü óíêöèÿ uj(τ) ∈ C1(αj , βj) ïðè τ ∈ (αj , βj) ïðåäñòàâèìà
â âèäå ðÿäà Ôóðüå ïî îáîáùåííûì ïîëèíîìàì ×åáûøåâà âòîðîãî ðîäà:
uj(τ) = ρj(τ)
∞∑
n=0
DjnU
j
n(τ), (15)
à åå ïðîèçâîäíàÿ u′j(τ) íà òîì æå èíòåðâàëå  â âèäå ðÿäà ïî îáîáùåííûì ïîëè-
íîìàì ×åáûøåâà ïåðâîãî ðîäà:
u′j(τ) =
1
ρj(τ)
∞∑
n=0
CjnT
j
n(τ). (16)
Òîãäà Cj0 = 0 è
Cjn+1 = −
βj − αj
2
(n+ 1)Djn, n = 0, 1, . . .
Äîêàçàòåëüñòâî. Â ðÿäàõ (15) è (16) ñäåëàåì çàìåíó (13) è ïåðåéäåì îò τ
ê τ ′ :
uj(τ
′) =
βj − αj
2
√
1− τ ′2
∞∑
n=0
DjnUn(τ
′), (17)
u′j(τ
′) =
2
βj − αj
1√
1− τ ′2
∞∑
n=0
CjnTn(τ
′). (18)
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Ïðîäèåðåíöèðóåì ðÿä (17) ïî τ ′ :
u′j(τ
′) = − τ
′
√
1− τ ′2
∞∑
n=0
DjnUn(τ
′) +
√
1− τ ′2
∞∑
n=0
DjnU
′
n(τ
′).
Èñïîëüçóÿ îðìóëó (22.8.4) [13℄: (1 − x2)U ′n(x) = −nxUn(x)+ (n + 1)Un−1(x) ,
ïîëó÷èì
u′j(τ
′) = − τ
′
√
1− τ ′2
∞∑
n=0
DjnUn(τ
′) +
τ ′√
1− τ ′2
∞∑
n=1
(−n)DjnUn(τ ′) +
+
1√
1− τ ′2
∞∑
n=1
(n+ 1)DjnUn−1(τ
′) = − τ
′
√
1− τ ′2D
j
0U0(τ
′) −
− τ
′
√
1− τ ′2
∞∑
n=1
(n+ 1)DjnUn(τ
′) +
1√
1− τ ′2
∞∑
n=1
(n+ 1)DjnUn−1(τ
′).
Äëÿ äàëüíåéøèõ ïðåîáðàçîâàíèé âîñïîëüçóåìñÿ ñîîòíîøåíèÿìè, ñâÿçûâàþùèìè
ìåæäó ñîáîé ïîëèíîìû ×åáûøåâà ïåðâîãî è âòîðîãî ðîäà (22.5.6) è (22.5.7) [13℄:
Tn(x) = Un(x)− xUn−1(x) , Tn(x) = xUn−1(x) − Un−2(x).
Ïîëó÷èì
√
1− τ ′2u′j(τ ′) = −τ ′Dj0U0(τ ′)− τ ′
∞∑
n=1
(n+ 1)DjnUn(τ
′) +
+
∞∑
n=1
(n+ 1)DjnUn−1(τ
′) = −
∞∑
n=1
nDjn−1Tn(τ
′).
Ñëåäîâàòåëüíî,
u′j(τ
′) = − 1√
1− τ ′2
∞∑
n=1
nDjn−1Tn(τ
′).
Ïðèðàâíÿåì ïîëó÷åííîå âûðàæåíèå è ðàçëîæåíèå ïðîèçâîäíîé (18):
− 1√
1− τ ′2
∞∑
n=1
nDjn−1Tn(τ
′) =
2
βj − αj
1√
1− τ ′2
∞∑
n=0
CjnTn(τ
′).
Îòñþäà ñëåäóåò óòâåðæäåíèå ëåììû.
Çàìåòèì, ÷òî äëÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå òàêæå ñïðàâåäëèâî óòâåð-
æäåíèå, ïîäîáíîå ëåììå 1 ( [12, ï. 704℄).
Ëåììà 2. Ïîëèíîìû T jn(x) ÿâëÿþòñÿ ñîáñòâåííûìè óíêöèÿìè èíòåãðàëü-
íîãî îïåðàòîðà ñ ëîãàðèìè÷åñêèì ÿäðîì. Ïðè ýòîì
1
pi
βj∫
αj
1
ρj(τ)
T jn(τ) ln
1
|τ − x| dτ =


ln
4
βj − αj T
j
0 (x), n = 0,
1
n
T jn(x), n = 1, 2, . . .
(19)
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Äîêàçàòåëüñòâî. Â èíòåãðàëå (19) ñäåëàåì çàìåíó (14) ïî x è ïîäîáíóþ çà-
ìåíó äëÿ ïåðåìåííîé èíòåãðèðîâàíèÿ τ , ïåðåéäÿ ê τ ′ . Òîãäà ïîäûíòåãðàëüíûå
ñîìíîæèòåëè ïðåîáðàçóþòñÿ ñëåäóþùèì îáðàçîì:
1
ρj(τ)
=
2
βj − αj
1√
1− τ ′2 , ln
1
|τ − x| = ln
2
βj − αj + ln
1
|τ ′ − x′| .
Èñêîìûé èíòåãðàë (19) ïðèìåò âèä
1
pi
1∫
−1
1√
1− τ ′2 Tn(τ
′)
[
ln
2
βj − αj + ln
1
|τ ′ − x′|
]
dτ ′ =
=


ln
4
βj − αj T0(x
′), n = 0,
1
n
Tn(x
′), n = 1, 2, . . .
Çäåñü èñïîëüçîâàíû çíà÷åíèÿ èíòåãðàëîâ
1
pi
1∫
−1
1√
1− τ2 Tn(τ) ln
1
|τ − x| dτ =


ln 2, n = 0,
1
n
Tn(x), n = 1, 2, . . .
è ñâîéñòâî îðòîãîíàëüíîñòè ïîëèíîìîâ ×åáûøåâà:
1
pi
1∫
−1
1√
1− τ2 Tn(τ) dτ =
{
1, n = 0,
0, n = 1, 2, . . .
Îòñþäà è èç (13) ñëåäóåò óòâåðæäåíèå ëåììû.
Ëåììà 3. Ïóñòü
Ljn(x) =
1
pi
βj∫
αj
ρj(τ)U
j
n(τ) ln
1
|τ − x| dτ.
Òîãäà
Lj0(x) =
(
1
4
+ ln
4
βj − αj
)
(βj − αj)2
8
U j0 (x)−
(βj − αj)2
32
U j2 (x),
Lj1(x) =
(βj − αj)2
12
U j1 (x) −
(βj − αj)2
48
U j3 (x),
Ljn(x) = −
(βj − αj)2
16n
U jn−2(x) +
+
(n+ 1)(βj − αj)2
8n(n+ 2)
U jn(x) −
(βj − αj)2
16(n+ 2)
U jn+2(x), n = 2, 3, . . .
Äîêàçàòåëüñòâî. Ïåðåéäåì îò îáîáùåííûõ ïîëèíîìîâ ×åáûøåâà âòîðîãî
ðîäà ê ïîëèíîìàì ×åáûøåâà ïåðâîãî ðîäà ïî îðìóëå
U jn−1(x) =
(βj − αj)2
8
1
ρ2j(x)
[
T jn−1(x)− T jn+1(x)
]
,
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êîòîðàÿ ñëåäóåò èç ðàâåíñòâà (22.5.10) [13℄
Un−1(x) =
1
1− x2 [xTn(x) − Tn+1(x)] ,
è ðåêóððåíòíîãî ñîîòíîøåíèÿ Tn+1(x) − 2xTn(x) + Tn−1(x) = 0 .
Âåðíåìñÿ ê ïîëèíîìàì ×åáûøåâà âòîðîãî ðîäà, âîñïîëüçîâàâøèñü îðìóëîé
T jn(x) =
U jn(x) − U jn−2(x)
2
,
êîòîðàÿ ñëåäóåò èç (22.5.8) [13℄.
Ïðè n = 0 èìååì
1
pi
βj∫
αj
ρj(τ)U
j
0 (τ) ln
1
|τ − x| dτ =
=
(βj − αj)2
8pi
βj∫
αj
1
ρj(τ)
[
T j0 (τ) − T j2 (τ)
]
ln
1
|τ − x| dτ =
=
(
1
4
+ ln
4
βj − αj
)
(βj − αj)2
8
U j0 (x) −
(βj − αj)2
32
U j2 (x).
Çäåñü T j0 (x) = U
j
0 (x) . Äëÿ ñëó÷àÿ n = 1 , òàê êàê 2T
j
1 (x) = U
j
1 (x) , ïîëó÷èì
1
pi
βj∫
αj
ρj(τ)U
j
1 (τ) ln
1
|τ − x| dτ =
=
(βj − αj)2
8pi
βj∫
αj
1
ρj(τ)
[
T j1 (τ) − T j3 (τ)
]
ln
1
|τ − x| dτ =
=
(βj − αj)2
12
U j1 (x) −
(βj − αj)2
48
U j3 (x).
Ïðè n = 2, 3, . . .
1
pi
βj∫
αj
ρj(τ)U
j
n(τ) ln
1
|τ − x| dτ =
=
(βj − αj)2
8pi
βj∫
αj
1
ρj(τ)
[
T jn(τ) − T jn+2(τ)
]
ln
1
|τ − x| dτ =
= − (βj − αj)
2
16n
U jn−2(x) +
(n+ 1)(βj − αj)2
8n(n+ 2)
U jn(x) −
(βj − αj)2
16(n+ 2)
U jn+2(x).
Ëåììà äîêàçàíà.
Ëåììà 4. Äëÿ x ∈ (αj , βj)
1
pi
V p
βj∫
αj
T jn(τ)
ρj(τ)(τ − x) dτ =


i signx
ρj(x)
U j0 (x), n = 0,
2
βj − αj U
j
n−1(x), n = 1, 2, . . .
(èíòåãðàë ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè).
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Äîêàçàòåëüñòâî. Ïðè n = 0 èìååì
1
pi
V p
βj∫
αj
1
ρj(τ)(τ − x) dτ =
2
(βj − αj)piV p
1∫
−1
1√
1− τ ′2(τ ′ − x′) dτ
′ =
=
2
βj − αj
i signx′√
1− x′2 =
i signx
ρj(x)
.
Â îñòàëüíûõ ñëó÷àÿõ, êîãäà n 6= 0 , èñïîëüçóåì îðìóëó, ïîëó÷åííóþ èç
(22.13.3) [13℄
1
pi
V p
βj∫
αj
T jn(τ)
ρj(τ)(τ − x) dτ =
2
(βj − αj)piV p
1∫
−1
Tn(τ
′)√
1− τ ′2(τ ′ − x′) dτ
′ =
=
2
βj − αj Un−1(x
′) =
2
βj − αj U
j
n−1(x).
Äîêàçàííûå ëåììû ÿâëÿþòñÿ îáîáùåíèåì ðÿäà óòâåðæäåíèé, ïðèâåäåííûõ
â [14℄.
5. Áåñêîíå÷íàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
àññìîòðèì èíòåãðàëüíîå óðàâíåíèå áîëåå îáùåãî âèäà, ÷åì óðàâíåíèå (12)
(âìåñòî k2/2 çàïèøåì ïîñòîÿííóþ B ).
Òåîðåìà 1. èïåðñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî óíê-
öèè u(x) = {uj(x) ∈ C1(αj , βj)}Jj=1
1
pi
βs∫
αs
us(τ)
(τ − x)2 dτ +
B
pi
βs∫
αs
us(τ) ln
1
|τ − x| dτ +
βs∫
αs
us(τ)R(τ − x) dτ +
+
J∑
j=1,j 6=s
βj∫
αj
uj(τ)K0(τ − x) dτ = f(x), x ∈ (αs, βs), s = 1, . . . , J (20)
ñ çàäàííûì ïîâåäåíèåì íà ãðàíèöàõ îòðåçêîâ
lim
x→αj+0
uj(x) = O(
√
x− αj) , lim
x→βj−0
uj(x) = O(
√
βj − x) (21)
ñâîäèòñÿ ê áåñêîíå÷íîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñè-
òåëüíî êîýèöèåíòîâ Cjn ðàçëîæåíèÿ óíêöèé u
′
j(τ) â ðÿäû Ôóðüå ïî îáîá-
ùåííûì ïîëèíîìàì ×åáûøåâà âòîðîãî ðîäà
pi(βs − αs)
4
Csk −
pi(βs − αs)3B
32
Cs1
[(
1
4
+ ln
4
βs − αs
)
δ0k−1 −
1
4
δ2k−1
]
−
− pi(βs − αs)
3B
96
Cs2
[
δ1k−1 −
1
4
δ3k−1
]
+
+
pi(βs − αs)3B
32
[
1
2(k + 1)(k + 2)
Csk+2 −
1
(k − 1)(k + 1)C
s
k +
1
2(k − 3)(k − 1)C
s
k−2
]
−
46 Ä.Í. ÒÓÌÀÊÎÂ, À.. ÒÓÕÂÀÒÎÂÀ
− 2
βs − αs
∞∑
n=0
Csn+1
n+ 1
βs∫
αs
ρs(x)U
s
k−1(x)
βs∫
αs
ρs(τ)U
s
n(τ)R(τ − x) dτ dx −
−
J∑
j=1,j 6=s
2
βj − αj
∞∑
n=0
Cjn+1
n+ 1
βs∫
αs
ρs(x)U
s
k−1(x)
βj∫
αj
ρj(τ)U
j
n(τ)K0(τ − x) dτ dx =
=
βs∫
αs
ρs(x)f(x)U
s
k−1(x) dx, s = 1, . . . , J, k = 1, 2, . . . (22)
Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïîâåäåíèå ïðîèçâîäíîé èñêîìîé óíêöèè
íà ãðàíèöå îïðåäåëÿþò îðìóëû
lim
x→αj+0
u′j(x) = O(
1√
x− αj ), limx→βj−0u
′
j(x) = O(
1√
βj − x
).
Ïîýòîìó u′j(x) óäîáíî èñêàòü â âèäå ðÿäà ïî ïîëèíîìàì ×åáûøåâà ïåðâîãî ðîäà
(16).
àññìîòðèì ïåðâîå ñëàãàåìîå óðàâíåíèÿ (20). Ïðîèíòåãðèðóåì åãî ïî ÷àñòÿì:
1
pi
βs∫
αs
us(τ)
(τ − x)2 dτ =
1
pi
βs∫
αs
u′s(τ)
τ − x dτ.
Ïîäñòàâèâ ïðåäñòàâëåíèå äëÿ u′s(τ) â âèäå ðÿäà (16) â ïîëó÷åííûé èíòåãðàë è
âîñïîëüçîâàâøèñü ëåììîé 4, ïîëó÷èì
1
pi
βs∫
αs
1
ρs(τ)
∞∑
n=0
CsnT
s
n(τ)
1
τ − x dτ =
∞∑
n=0
Csn
1
pi
βs∫
αs
T sn(τ)
ρs(τ)(τ − x) dτ =
= Cs0
i signx
ρs(τ)
+
2
βs − αs
∞∑
n=1
CsnU
s
n−1(x).
Ñëåäîâàòåëüíî, ïî ëåììå 1
1
pi
βs∫
αs
us(τ)
(τ − x)2 dτ =
2
βs − αs
∞∑
n=1
CsnU
s
n−1(x).
Íåèçâåñòíóþ óíêöèþ u(x) áóäåì èñêàòü â âèäå ðÿäà ïî ïîëèíîìàì ×åáûøåâà
âòîðîãî ðîäà (15). Òîãäà âòîðîå ñëàãàåìîå èíòåãðàëüíîãî óðàâíåíèÿ (20) ïðèìåò
âèä
B
pi
βs∫
αs
us(τ) ln
1
|τ − x|dτ = B
∞∑
n=0
Dsn
1
pi
βs∫
αs
ρs(τ)U
s
n(τ) ln
1
|τ − x| dτ =
= − (βs − αs)B
4
Cs1
[(
1
4
+ ln
4
βs − αs
)
Us0 (x)−
1
4
Us2 (x)
]
−
− (βs − αs)B
12
Cs2
[
Us1 (x)−
1
4
Us3 (x)
]
+
+
(βs − αs)B
4
∞∑
n=2
Csn+1
n+ 1
[
1
2n
Usn−2(x) −
(n+ 1)
n(n+ 2)
Usn(x) +
1
2(n+ 2)
Usn+2(x)
]
.
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Êàê è ïîëèíîìû ×åáûøåâà âòîðîãî ðîäà Un(x) (22.2.5) [13℄, îáîáùåííûå ïîëè-
íîìû Usn(x) îðòîãîíàëüíû ñ âåñîì ρs(τ) íà îòðåçêå (αs, βs) :
βs∫
αs
ρs(τ)U
s
k (τ)U
s
n(τ) dτ =
(βs − αs)2
4
1∫
−1
√
1− τ2Uk(τ)Un(τ)dτ = pi(βs − αs)
2
8
δnk .
Òàêèì îáðàçîì, ëåâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ (20) ïðèìåò âèä
2
βs − αs
∞∑
n=1
CsnU
s
n−1(x)−
(βs − αs)B
4
Cs1
[(
1
4
+ ln
4
βs − αs
)
Us0 (x)−
1
4
Us2 (x)
]
−
− (βs − αs)B
12
Cs2
[
Us1 (x)−
1
4
Us3 (x)
]
+
+
(βs − αs)B
4
∞∑
n=2
Csn+1
n+ 1
[
1
2n
Usn−2(x) −
(n+ 1)
n(n+ 2)
Usn(x) +
1
2(n+ 2)
Usn+2(x)
]
−
− 2
βs − αs
∞∑
n=0
Csn+1
n+ 1
βs∫
αs
ρs(τ)U
s
n(τ)R(τ − x) dτ −
−
J∑
j=1,j 6=s
2
βj − αj
∞∑
n=0
Cjn+1
n+ 1
βj∫
αj
ρj(τ)U
j
n(τ)K0(τ − x) dτ. (23)
Óìíîæèì îáå ÷àñòè èíòåãðàëüíîãî óðàâíåíèÿ íà ρs(x)U
s
k−1(x) ïðè k = 1, 2, . . .,
s = 1, . . . , J è ïðîèíòåãðèðóåì ïî èíòåðâàëó (αs, βs) . Ïîëó÷èì óðàâíåíèÿ (22).
àáîòà âûïîëíåíà ïðè ïîääåðæêè ÔÔÈ (ïðîåêò  09-01-97009).
Summary
D.N. Tumakov, A.R. Tukhvatova. Diration of an Eletromagneti Wave in the Gaps
between Plates.
In the artile, the problem of diration of a plane TE -polarized eletromagneti wave in
the gaps between metal plates loated in one plane is investigated. The diration problem is
formulated in the form of a boundary-value problem for the Helmholtz equation with the on
metal boundary onditions and a given asymptoti behavior on the edges of the sreens. The
solutions are searhed for in the lass of the waves propagating to innity. The problem under
onsideration is redued to an integral equation with a strong singularity of the kernel with
respet to the trae of the eletri eld vetor in the gap. The integral equation, in its turn, is
redued to an innite system of linear algebrai equations with respet to the derived funtion
expansion oeients. Some singular integrals ontaining generalized Chebyshev polynoms are
analytially alulated.
Key words: diration, TE -polarized eletromagneti wave, hypersingular integral
equation, generalized Chebyshev polynoms.
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